Owing to the analogy between the Connes-Kreimer theory of the renormalization and the integrable systems, we derive the differential equations of the unit mass for the renormalized character φ + and the counter term φ − . We give another proof for the scattering type formula of φ − . The differential equation of ε for the counter term is also given. The hierarchy of the renormalization groups is defined as the integrable systems.
Introduction
We start on the same setting 1 with the Connes-Kreimer's papers [2, 3] . Let H be a Hopf algebra of the 1PIs of gφ 3 -theory. Let G be a Lie group of the characters of H and L its Lie algebra. The product of φ 1 , φ 2 ∈ G is given by (φ 1 φ 2 )(X) = φ 1 ⊗ φ 2 , ∆(X) for X ∈ H.
(1)
The inverse and a unit are defined by φ −1 (X) = φ(S(X)) and 1(X) = δ X1 . The dual space H * is an algebra with the product (1) . We add the element Z 0 to L such that θ t := Ad e tZ 0 is the grading 2 of G. We defineL := L⊕CZ 0 andG denotes its Lie group. We consider the loop groups 3 ofG and the loop algebra ofL. Let ε be the coordinate of P 1 for the loop group which corresponds to the parameter of the dimensional regularization. The Birkhoff decomposition in the sense of Ref. [2, 3] dividesG intoG =G −G+ , i.e., any character φ ∈G decomposes uniquely as φ = φ −1 − · φ + with the condition φ − = 1 at ε = ∞. The Lie 1 Our notations φ, φ±, µ in this note correspond to γ, γ±, µ 1 2 respectively in Ref. [2, 3] . 2 We should not confuse the degree φ as the loop group and the algebra H * . 3 In this note, we use same notationG (resp.L) with its loop group (resp. algebra).
algebraL decomposes intoL =L − ⊕L + . Keeping in mind the Feynmann rules, we assume that φ, φ ± depend on the coupling constant g =: e x , the unite mass µ =: e t and ε ∈ P 1 such that
2 Differential equations of the unit mass
The adjoint action of e tεZ 0 on φ transpose the unite mass µ = e t of the characters
We defineφ + := φ + e tεZ 0 ∈G + and obtain
Differentiating above equation by t, we obtain equation forL
where (·) ± denotes the projection ontoL ± . We assume that there exist the
Then, equations (5) are
Note that these equations are equivalent to
since θ x ′ (φ ± )(x) = φ ± (x + x ′ ). The "Baker function" w(x, t, ε) := φ − e tεZ 0 ∈ G satisfies same equation withφ + . The first equation of (7) means the wellknown fact that φ − dose not depend on unit mass. The second equation shows that φ + satisfies
For ε = 0, of course, it is reduced to φ + (t) = e tβ φ + (0). The counter term φ − does not necessarily have the form φ − = e α with some α ∈ L − as the integrable systems [6] . However, it has the scattering type formula [3] φ − (x, ε) = lim
Here, we give another proof than that of Ref. [3] . Owing to equation (6), we have
For X ∈ H with ∆(X) = X ′ ⊗ X ′′ , we have
as t −→ ∞ and obtain the formula (10). We can rewrite this formula in terms of the characters. Owing to (9) and (10), we have
Therefore we obtain
and φ(x, ε) = lim
This formulae imply that the characters φ, φ − are recovered from φ + .
3 Differential equations of the coordinate ε on P 
Since φ − (1) = 1, β(1) = 0, we have (φ
− βφ − )(1) = 0. Therefore, by equation (16), we obtain equation
where
If X ∈ H is a 1PI with the degree n, M (x, ε)(X) is the polynomial of ε −1 whose highest degree is n − 1. We can also derive the equation for the Baker function w
Note that the differential equations of ε are used in the theory of the monodromy preserving deformation of the integrable systems.
We can extend above results to the case of G 2 which is the group of the formal diffeomorphism [1, 3] 
with the help of the map [3] ρ : G −→ G 2 which is the anti-homomorphism ρ(φ 1 φ 2 ) = ρ(φ 2 ) • ρ(φ 1 ) of the group. For example, owing to the map ρ and equation (14), we have
where ψ(ε) = ρ(φ − (0, ε)), ψ + (t, ε) = ρ(φ + )(0, t, ε) and the α t is the grading [3] of G 2 which satisfies α t • ρ = ρ • θ t .
The hierarchy of the renormalization group
We can introduce the hierarchy with the left action of exp n≥1 t n ε n Z 0 on φ as the integrable systems [6, 5] . These flows are simple. The φ − does not depend on t n again andφ + := φ + e n≥1 tnε n Z 0 satisfies the equation ∂φ + ∂tnφ + = ε n−1 (β + εZ 0 ). The {t n } parametrize the ε n order flows of the renormalization.
If we enlarge the group G or G 2 , the hierarchy is non-trivial. For example, we choose the Lie group whose Lie algebra L is generated by {Z −1 , Z 0 , {Z T } T } where T is the rooted tree in the sense of Ref. [1] , the hierarchy is AKNS type one associated with L. In fact, we restrict L to the Lie subalgebra sl(2, C) of L generated by {Z −1 , Z 0 , Z • } and the hierarchy correspond to the usual AKNS hierarchy [6] .
